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Abstract—Computing the shortest path distances between two
vertices on road networks is a core operation in many real-
world applications, e.g., finding the closest taxi/hotel. However
existing techniques have several limitations. First, traditional
Dijkstra-based methods have long latency and cannot meet
the high-performance requirement. Second, existing indexing-
based methods either involve huge index sizes or have poor
performance. To address these limitations, in this paper we
propose a learning-based method which can efficiently compute
an approximate shortest-path distance such that (1) the perfor-
mance is super fast, e.g., taking 60-150 nanoseconds; (2) the
error ratio of the approximate results is super small, e.g., below
0.7%; (3) scales well to large road networks, e.g., millions of
nodes. The key idea is to first embed the road networks into
a low dimensional space for capturing the distance relations
between vertices, get an embedded vector for each vertex, and
then perform a distance metric (L; metric) on the embedded
vectors to approximate shortest-path distances. We propose a
hierarchical model to represent the embedding, and design an
effective method to train the model. We also design a fine-
tuning method to judiciously select high-quality training data.
Extensive experiments on real-world datasets show that our
embedding based approach significantly outperforms the state-
of-the-art methods.

I. INTRODUCTION

Computing the shortest-path distance between two vertices
on road networks is a core operation in many location-based
applications. For example, Uber finds the closest car for a
passenger and requires to compute the shortest-path distances
between multiple cars and the passenger. Suppose there are
10K passengers that pose requests in each second and there are
1K candidate cars for each passenger. Then Uber requires to
compute the shortest-path distances for 10 million pairs. Even
if it takes 1 microsecond for computing the shortest-path dis-
tance of a pair, Uber still takes 10 seconds for processing these
requests. Thus it is rather crucial to improve the performance
of computing the shortest-path distances. Considering another
example, Yelp supports to find k-nearest points of interests
(POIs) for users, and Yelp also requires to efficiently compute
the shortest-path distances between POIls and users.

There are many studies to efficiently compute the shortest-
path distance on road networks [2], [5], [11]-[13], [16], [20]-
[22], [26], [32]-[34]. Dijkstra [10] is a classic method which
judiciously computes the shortest path by pruning unpromising
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roads, but it incurs unacceptable time decay (in several sec-
onds) on large road networks. Recently there are some index-
based methods that utilize the indexes to efficiently compute
the shortest-path distances, e.g., CH [11] and H2H [22] are
exact methods; ACH [12] and Distance Oracle [27] use
lower time cost to compute approximate results. However,
these methods either incur huge pre-processing time (e.g., CH,
ACH) or cannot scale to large road networks (e.g., Distance
Oracle) or take large index sizes (e.g., H2H). Moreover, they
are not fast enough to support instant feedback.

To address these limitations, in this paper we propose a
learning-based method which can efficiently compute an ap-
proximate shortest-path distance such that (1) the performance
is super fast, e.g., taking 60-150 nanoseconds, 10x faster than
the existing fastest exact algorithm; (2) the error ratio of the
approximate results is super small, e.g., below 0.7%, which
significantly outperforms the existing approximate algorithms
under the same condition; (3) scales well to large road net-
works, e.g., millions of nodes. This paper is motivated by the
fact that the distance relations, i.e., shortest-path distances,
between vertices in a planar road network can be captured in
latent space with a well-suited representation metric (Lq). It
is inspired by but different from the existing node embedding
methods such as DeepWalk [23] and LINE [29] that capture
social relations, e.g., neighborhood similarity, between nodes.

We propose a road network embedding (RNE) model that
embeds 2-dimensional vertices (longitudes and latitudes) on
road networks into d-dimensional embedding vectors, with
which L; metric can be utilized to approximate the shortest-
path distances, instead of performing search on the graph (as
Figure 1 shows). There are three challenges. The first is to
design an effective representation model that can capture the
distance relationship between vertices spreading all over a road
network. We propose a hierarchical embedding model. The
second is to efficiently and effectively train the embedding
model. We propose a hierarchical method for embedding
training. The third is to select high-quality training samples to
achieve low estimation errors. We design a fine-tuning method
to judiciously select high-quality training data.

Our main contributions are summarized as follows.

« We propose a learning-based method to efficiently com-
pute the approximate shortest-path distances on road
networks. We embed the road network and utilize the
L1 metric to capture the shortest-path distances (see
Section III).
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« We propose a hierarchical learning strategy that not only
improves the embedding performance (i.e., improving the
accuracy of approximating the shortest-path distances)
but also accelerates the training process (see Section IV).

e We propose an active fine-tuning method, which can
judiciously select high-quality training data to address the
under-fitting problem (see Section V).

e« We extend our embedding model to support efficient
kNN queries and range queries on road networks (see
Section VI).

o We have conducted extensive experiments on real-world
datasets and compared with state-of-the-arts. Experimen-
tal results showed that our embedding based method
significantly outperformed existing approaches and is
practical for usage (see Section VII).

II. RELATED WORK

A. Shortest Path on Road Network

There are extensive studies on shortest-path search, which
utilize well-designed indexes to accelerate the searching pro-
cess [1], [4], [31].

Exact Algorithms. Contraction Hierarchies (CH) [11] com-
putes an importance order on vertices and adds shortcuts based
on the importance order to support fast shortest paths searches.
G-Tree [30], [35], [36] builds a hierarchical balance tree index,
which searches for the shortest distance by traversing the
corresponding tree nodes. Ouyang et al. design H2H [22]
which combines tree decomposition hierarchy and hop-based
labeling, and achieve high performance.

Approximate Algorithms. ACH [12] is a heuristic optimiza-
tion over CH. It stops adding shortcuts when a replacement
path is a bit longer, leading to an error bounded shortest
distance. Distance oracle [27] divides all the vertex pairs into
well-separated groups and retrieves the e-approximate shortest
distances of any vertex pairs in O(log|V]) time. ALT [13]
generates a set of landmarks U and a |U| x |V| label matrix,
with which it utilizes the triangle inequality to estimate the
shortest distances in O(|U]) time (we denote this estimation
method as LT), and then performs A* to search the shortest
path.

TABLE 1I: Table of Notations.

Notation Definition
G=(V,E,W) a road network graph
B(vs, ve), d(vs,v:) | (approximate) shortest distance from v, to vy

M = {v¥} |V| x d vertices embedding (global) matrix
M, = {5} local embedding matrix in level I ({v;;})

S = {(vs, v, Pvs.vy)) } | samples of vertex pairs and shortest distances
P, ={Gi} set of sub-graphs in level [

U set of landmarks

kNN Algorithms. SILC [25] pre-computes the shortest paths
between all pairs of vertices. V-tree [28] extends G-tree by
additionally indexing distances between objects and border
vertices.

Different from these traditional methods, RNE is a learning
method which trains a hierarchical embedding for vertices
and then utilizes the embedding to efficiently compute the
approximate shortest distances, instead of performing search.
Since the learned embedding captures the shortest distances in
latent space, with a metric which is well-suited for distance
representation of road networks, on both the efficiency and the
accuracy, it significantly outperform Distance oracle and LT,
which also avoid searching on the graph. We also utilize the
hierarchical structure to compute kNN results.

B. Network Representation Learning

There are many approaches to learn low-dimensional net-
work representations, which embed the “social information” of
each node, and then use these vectors for addressing machine
learning tasks. DeepWalk [23] uses cosine distance between
embedding vectors to approximate p(v;|v;) representing the
similarity of two nodes and use random walk statistics to learn
the embedding. LINE [29] distinguishes the similarity of two
nodes into “first-order” (directly close) and “second-order”
(having similar neighborhoods) and uses cosine distance based
formulas to represent them. Besides, there is a hierarchical
training strategy called HARP [8] to improve the training
efficiency and quality.

These methods capture the social relations of nodes, e.g.,
neighborhood similarity and community membership, which is
used for classification tasks, i.e., “whether similar”. Different
from that, we capture the distance relations of vertices and
focus on a regression task, i.e., “how far”. Note that the social
embedding is insufficient for distance representation, which
is verified in experiments. It’s challenging to design such an
embedding model with a well-suited representation metric that
can capture the properties of road networks, which measures
the distance instead of similarity.

III. RoAD NETWORK EMBEDDING MODEL

In this section, we first state the problem (Section III-A) and
then introduce our road network vertices embedding model
(Section III-B and Section III-C) and discuss how to train it
(Section III-D). Table I summarizes the notations.



A. Problem Formalization

Road Networks. A road network is modeled as a weighted
graph G = (V, E, W), where road joints and road segments
are modeled as graph vertices and edges respectively, with
each edge associated with a positive edge weight denoting the
road’s length. Specifically, v; € V' is a vertex, e,,,;, € E is an
edge from v; to v;, and w,,; € W is the weight of e,,y,.

Shortest-path. A path is a sequence of adjacent edges be-
tween two vertices. We Use o, v, = (€u1v95 Cvavs « -« » Evy_ 101 )s
where v1 = vs, v = vy and ey, € F for i € [1,1) to
denote a path from vs to v;. Among all such paths, pj . is
a shortest one, which captures how to traverse from v, to vy
on a road network, and is denoted as a shortest-path.

Given a road network G = (V, E,W) and a vertex pair
(vs,v¢) as a query, we need to answer the shortest-path
distance denoted as

Wy, v,

¢(1)S,Ut) = ¢(P;vt) = Ze cps
viv; EPYgvy

Example 1 (Road Network.): The left part of Figure 1
shows a road network with 13 vertices and 15 edges, where
each edge is associated with a positive weight in both direc-
tions, e€.g., Wy,p; = Wyyv, = 2. Among paths from v4 to vg,
P2 = (€uyvs, €vs,vgs Cug,vs) 18 the shortest one with distance
of 8.

B. Vertices Embedding Model

Intuitively, we can use a |V|x |V | matrix to index all pairs of
shortest distances between vertices. However, it is impractical
as the space cost O(|V|?) can be very large (e.g., for road
networks with millions of vertices). Therefore, we propose to
embed all vertices in a road network into a d-dimensional
space R4d << |V|) and utilize the embedding with some
metric (e.g., distance of vectors) or function (e.g., represented
by a neural network) to represent the shortest-path distances.
We use the L,,-distance as the metric, with an acceptable error
rate (e.g., less than 1%) and we will explain why we choose
it in Section III-C.

Road Network Vertex Embedding. Given a road network
G = (V,E,W), we embed each vertex v; € V into a
d-dimensional space as a vector v® and we denote the
embedding matrix as M = {v™® 0@ ... v™} For a query
from v, to v, we use the L,-distance of the vector pair to
approximate the shortest-path distance denoted by

O(vs,0r) = [0 —v®]|, = || M]s] — M[t]||,

We evaluate the performance by using the approximation
rate between ¢(vs,v;) and @(vs,vy), which is measured by
absolute error (eqps) and relative error (e,.¢;).

eabs(vsv Ut) - |(7ZA5(’US7 Ut) - QS(/Usv Ut)‘
erel(Vs, V) = “2’(’”57%) — d(vs, )| / p(vs,vr)

Example 2 (RNE): The right part of Figure 1 shows an ex-
ample of road network embedding. We utilize the embedding
vector pair v and v® with L,-distance to approximate
the shortest-path distance ¢(vy,vs) as ¢(vi,vs) = 8, with
€abs = €rel = 0;

(a) Ln () Lp(p > 1)

Fig. 2: Distance-embedding freedom Fig. 3: A case where
of vy, in R? L,(p > 1) fails

C. Why Lp-Distance and Why Choosing p = 1

It is crucial to choose a representation metric to capture
shortest-path distances of road networks. We use L,-distance
as the representation metric, which has the following salient
properties.
1) Non-negativity. |[v¢ — v®||, > 0 (equality holds iff
VO =p®),

2) Symmetry. [0 — v®[[, = [0 — v®|],.

3) Triangle Inequality. ||v¢ — v®||, + [[v® — v®||, >
[0 = v @],

The road-network distance between two vertices also satis-
fies these properties. Thus L, -distance (instead of some rep-
resentation functions, e.g., approximated by a neural network)
can be utilized to represent the road-network distance.

Although for L, where p > 1 (e.g., Lo, ie., Euclidean
distance), the above properties still hold, we prefer L; because
of the linearity. Intuitively, the representation ability of L,-
distance can be shown by its embedding freedom. Suppose we
train an RNE for a road network where vy, is an intermediate
vertex on the shortest path from v, to v;. As the shortest
distance has ¢(vs,v:) = ¢(vs,vk) + d(vk,v¢) (equality in
(3) holds), we have to adjust v such that [|[v® — v®||,
= ||v® —v®||, +||v® —v™®||,. This leads to the following
constraints that need to satisfy:
e p=1: (v —v®)(v® —v®) > 0, ie., for each dimension

the coordinate of v is between v and v®. (linearity)
e p> 1 v® = v + (1 — X)v® for some A € [0,1], i.e.,

v™ must be on the line segment between v and v®.
Figure 2 shows the freedom space of v for Ly and L, (p >
1) when d = 2. With a bigger d, v® for L; has larger freedom
space but that is not true for L,(p > 1). Theoretically, this is
because L, has stronger representation ability than L, (p > 1)
in embedding shortest-paths of a planar graph [3], [7], [9],
[15], [18], [19], [24]. e.g., Manhattan distance (L1) can be
utilized to roughly estimate the road distances, due to the
planar and grid-like nature of road networks.

Example 3 (Superiority of Ly): Figure 3 shows a common
case where both vy, v; are on the shortest path from v to v.
Considering L, (p > 1), both v, v® have the form Av® +
(1 — A\)v®, which fails in making both ¢(vy,v;) = G(vk, v;)
and $(vs, v;) = ¢(vs, v;), whatever the embedding dimension
d we choose. But for Ly, we can simply let v v® v®
and v® be (0,0), (a,b),(0,b) and (a,0) respectively to fit
the road network with d = 2.

Hence, L; is more compatible for representing shortest dis-



G ~level O

~level 1

'

S ST

S = S N A

/7
G [l oo
SO\ ; ; ; :

!

/} -

\;\‘

VY ! : :
RSN v L

171 Gag™ oo

(o0 By
(209 EREDEHE

Fig. 4: Hierarchical graph partitioning

tances in road networks and we choose it as the representation
metric of RNE. We will also show the superiority of L; metric
in Section VII. Moreover, we will show that we can leverage
the properties of L;-distance to support kNN queries and range
queries in Section VI.

D. RNE Training

The vertex-based RNE model will generate a |V| x d
matrix M = {v®}. For each vertex pair (vs,v;), we aim
to minimize |G(vs, vy) — ¢ (vs, v¢)|. To this end, we first select
a training dataset consisting of shortest distances of vertex
pairs S = {(vs, V¢, pwsvp))} and then minimize the square
approximating error, i.e.,

arg min Z

M={vD} (v, 0, b(0,00)) €S

2
[[v —v®P||1 — Pws.vp) (n

Function Training(M = {v?}, «, S)
1 foreach (vs, vy, dvs.vp)) € S do
2
L= (HM[S] — M|, — qﬁ(vs,vt)) // loss

[ 5]

3 Mls] = Ms] — a* ﬁﬁ[s]// a:learning rate
4 | Mt]=M[t] —ax* ﬁﬁm

Intuitively, we can randomly select a set of vertex pairs, and
learn the embedding matrix, as Function Training shows, e.g.,
utilizing the stochastic gradient descent (SGD) to minimize
the loss. However, this method has several limitations. First,
because the vector space is too sparse, if we directly train the
model, it is hard to converge, i.e., many vertex embeddings can
not be fitted into proper relative positions in R?, even when
extra training epochs have been taken. Second, the training
samples should be judiciously selected, because |V| vertices
spread all over the road network and it is hard to train all
|[V|? pairs that fit the global layout of all vertices on the
road network. These issues significantly influence the query
performance, so we propose a hierarchical embedding model
in Section IV and select training samples in Section V.

IV. HIERARCHICAL RNE MODEL

The basic vertex RNE is a shallow embedding model, i.e.,
embedding lookup, which is in lack of parameter sharing

Learning Rates

Fig. 5: Hierarchical local embedding model and training

and generalization. It’s hard to train the |V| - d parameters
to fit the |V\2 distance relations between vertices. Thus the
challenge is how to design an embedding model to incorporate
the structure information of road networks. We propose a
hierarchical RNE model (Section IV-A) and presents how to
train it (Section IV-B).

A. Hierarchical Embedding Model

1) Graph Partitioning Hierarchy: To exploit the inherent
hierarchy of road networks, we iteratively partition the road
network graph into sub-graphs and construct a tree structure
to capture the structure information.

Graph Partitioning. Given a road network G = (V, E, W),
a graph partitioning generates a set of sub-partitions {G; =
(Vi, B, W;)|i € [1,k]}, where (1) |, V; =V and V;NV; =0
if i # j; Q) By = {ev,v,|Vz,vy € Vi}s B) Wy = {wele €
E;}; 4) k > 1 is the partitioning fanout. Graph partitioning
aims to minimize the cut edges while making different sub-
partitions have similar sizes.

Since graph partitioning minimizes the cut edges between
sub-graphs, vertices within the same sub-graph have larger
proximity than vertices from different sub-graphs. Hence
graph partitioning captures the structure information of a road
network. Then we get a road network partitioning hierarchy by
recursively conducting graph partitioning on the road network,
with a vertex set size threshold § > 1 (Figure 4 shows an
example). The optimal graph partitioning problem has been
proven to be NP-hard [17], and we adopt a famous multi-phase
graph partition algorithm [17] to implement graph partitioning
in each level.

Example 4 (Graph Partitioning Hierarchy): As Figure 4
shows, by partitioning road network G in Figure 1, we
get sub-partitions {G11,G12}. Recursively partitioning Gy
and G12, we get {Ga1,G22} and {Gag, Gaa}, respectively.
({G},{G11,G12}, {G21,G22,Ga23,G24}, V) forms a parti-
tioning hierarchy of 4 levels.

2) Hierarchical Model: We utilize the tree structure to
construct the hierarchical embedding model.

Hierarchical Road Network Embedding. Each tree node
(sub-graph or real vertex) v; ; in level [ of the hierarchy has a
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local embedding ©;" representing the relative position among
its siblings, forming the local embedding matrix of each level
M, = {5, 5>, , 5" }. The global embedding of a node
is the sum of its ancestors’ local embeddings (including itself),

. () 50 1
Le, v = Z’Ul.j canc(v;) v = Z’U[,j €anc(v;) M [J}

Example 5 (Hierarchical RNE): The left part of Figure 5
gives a hierarchical road network embedding including local
embeddings M, My, Ms. The global embedding of v®¥ is
the sum of the local embeddings of its ancestors, ie., vV =
oM 4+ 0 + o = My[1] + Mo[2] + Ms[11].

Although the number of embedding vectors of hierarchical
embedding model (|V]+ 5 (LVJU) are larger than that of vertex
embedding model (|V|), the sum of L,-norms of embedding
matrices (Y, ||M||,) is smaller than |[M]||,. That's because
the norms in higher level (with less nodes) are usually larger
and play a decisive role in the global embedding of vertices
in it, e.g. for [0®0],. [[87]], > [[862], > [0, But
||55]|,, is counted only once for all its descendants. Therefore,
the hierarchical RNE model shares parameters by leveraging
a tree structure and the sum of norms of parameters is much
smaller than the vertex RNE model. As a result, the learning
phase converges much faster and the performance is much
better, which we will show in Section IV-B.

B. Hierarchical Model Training

1) Hierarchical Learning Framework: The framework to
learn a hierarchical RNE model is shown in Figure 6 and
Algorithm 1. Given a road network G = (V, E, W), we first
construct a tree structure (Figure 4) and we will learn a local
embedding hierarchy of L levels (Figure 5) in 3 phases.

(D We first progressively train the whole hierarchical local
embedding, i.e., make it converge in a top-down manner.

(@ Next we fix the local embeddings of sub-graphs in the
hierarchy and train the local embedding (vertices).

(® Then we fine-tune some under-fitting vertex embeddings
through an active training sample selection strategy.

Note that we adopt different training sample selection
strategies in different training phases, which will be introduced
in Section V. Finally we transform the hierarchical local
embedding {M; = {¥;”}} to a global vertex embedding
matrix M = {v®}. For any shortest distance query (vs, vt),

Algorithm 1: Hierarchical Road Network Embedding
Input: G(V, E,W): road network,
d: #dimensions, L: #partitioning levels
Output: M: RNE matrix
// () Hierarchy embedding
Initialize M; for [ =1,---,L
for lev =1,2,....,L do
St = Subgraph-Level-Samples({Giey })
for[=1,2,....L do
| aj'” = Level-LearningRate(lev, )

{M;} = TrainingHier({M,}, {agle”)}, Se))

// (@ Vertices embedding
7 S = Landmark-Based-Samples(G)
8 {M;} = TrainingHier({M;},{0,---,0,ar},S)
// () Fine-Tuning
9 for k=1,2,--- do
10 Sk = Error-Based-Samples({M;})
L {M;} = TrainingHier({M;},{0,--- ,0,ar}, Sk)

// Transform to global vertices embedding
12 foreach v; € V do

B | M =Y, caneton Mili]
14 return M

B W N =

=)

Function TrainingHier({M;}, {ay}, S)
1 foreach (vg, v, ¢) € S do

2| b= > M- X Mj]
vy, 5 €ans(vs) vy, j, €ans(vy) 1
3 | L=(d—¢)%// loss
4 foreach v; ;, € ans(vs) do
s || M = Ml - ook 595
6 foreach v; ;, € ans(v:) do
7| | M = Ml - e 525
8 return {M;}
we use the embedding vectors to calculate ¢(vs, v¢) = [0 —
v®||; = || M[s] — M[t]||, to get an approximate result.

2) Learning Procedure: For phase (1), based on the
partitioning hierarchy of a road network, we will learn the
hierarchical local embedding matrix {M; = {o;”}} by mini-
mizing

arg min Z

(B} (va,00,008 01)
€s

2

(DI DIt

V55 € Vi3 €
anc(vs) anc(vy)

@)
The hierarchical embedding training process can also be
viewed in Function TrainingHier. A question is how to learn
the embeddings of sub-graphs in different levels, which are of
different norm scales, i.e., the importance of the embedding in
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a higher level is higher than a lower one. Intuitively, we choose
a learning rate oy for each level I, and update M; by every
training sample. However, embedding in each level cannot
converge if trained simultaneously, e.g., the update of em-
beddings in higher levels may cause the embeddings in lower
levels to be adapted, which leads to a poor model performance.
Therefore, we propose to learn the embedding hierarchy level-
by-level (totally L steps), i.e., first coarse-grained embeddings
(large sub-graphs) then fine-grained embeddings (smaller sub-
graphs). We achieve that by adjusting the learning rates after
each step. e.g., the learning rate of the embedding of a higher
level is set large in early steps and progressively decays, and
that of a lower level are the opposite (right part of Figure 5
shows).

As shown in lines 2-6 in Algorithm 1, we learn the local
embeddings hierarchy through L steps, focusing on levels from
top to down respectively. In each step, we focus on level lev
and choose samples for that level (line 3). Then we choose
learning rates o' for { = 1,---, L (line 5) where a level [
near to lev has a bigger learnmg rate eg, <’ = W
with an «p. Then we update the local embeddlngs by the
corresponding learning rates using SGD (line 6) and move
to the next step.

The local embedding hierarchy gives representations of all
sub-graphs, and now we focus on learning M for all real
vertices in the hierarchy (phase (2) ), representing the bias of
each v; to its associated leaf sub-graph and its norm HM I3 ] |p
is usually small. As shown in lines 7-8, we first carefully
select appropriate training samples and then fix {M;|l < L}
by setting «; to 0 and only update the vertex local embedding
with learning rate ay.

Example 6 (Road Network Hierarchy Embedding): The
embedding process of the hierarchical local embedding in
the left part of Figure 5 is shown in the right part of it. We
first initialize M, M, M3 randomly (line 1). Then we train
them through distances of vertex pairs (e.g., (v4, vs, 8) where
Vy = M1[1]+M2[1}+M3[4} and vg = Ml [2]+M2[4]+M3[8]
as a training sample) (lines3). In step 1, we use learning
rates o) in which M, takes the biggest one ozl (hne 5)
to train the embeddings (line 6). While in steps 2 and 3, M>
and M take the biggest learning rates among a® and o®
respectively.

Example 7 (Vertices Embedding): We fix the local embed-
dings M7, My (a1 = ag = 0) and train M3 with ag (line 8).

It is worth noting that based on the hierarchical embedding
strategy, the training of RNE converges much faster than the
basic training of a flat vertices embedding, and also gains a
better performance for shortest-path distance representation,
because we consider the global road network layout and
the correlation among vertices. In the partition hierarchy, the
number of coarse-grained sub-graphs in upper levels (suppose
the set of sub-graphs in level [ is P;) are small and grows
gradually as the level increases. Therefore we can easily level-
by-level embed the relative positions of the sub-graphs in each
level (i.e., only |Pl\2 pairs), with the representations of upper-
level sub-graphs serving as good initializations for those of
lower levels. So we use less time to gain a higher-quality
RNE, which well preserves the global structure of the whole
vertex set.

Example 8 (A real-world RNE example.): Figure 7 shows
a 2-dimensional RNE of Manhattan Island in New York City,
where Figure 7a is the original road network, Figure 7b is the
vectors trained without hierarchical structure, and Figure 7c
is the vectors trained hierarchically. As we can see, without a
hierarchical road network structure, there are many embedding
vectors collapse to small groups in the corner. And with
a hierarchical structure, our method gets well distributed
embedding vectors for vertices, which preserve the global
layout of the original road network.

V. TRAINING SAMPLE SELECTION

Intuitively, we want to use all vertex pairs (|V|?) from
the road network G = (V, E,W) to train the embeddings.
However, more training data may not bring better embedding
performance, as predictive information grows slower than the
amount of Shannon entropy [6]. Besides, huge training data
may cause over-fitting in unpredictable data distribution. Thus,
we need to select an appropriate number of training samples,
which can properly represent the road network and also meet
the capacity of our model.

A. Samples for Hierarchy Embedding

The goal is to select high-quality training samples for
embedding sub-graphs in a given level . The naive random
selection strategy chooses different vertex pairs uniformly,
but we select sub-graph pairs uniformly, i.e., choose vertex
pairs uniformly from different sub-graph pairs. Therefore, the
embedding can accurately represent the sub-graphs of that

. . I 2 .
level, i.e., the relative positions of |P;|” pairs.



Algorithm 2: Training Sample Selection

Input: G = (V, E, W): Road network,
L: #levels, N: #samples,
P;: The set of sub-graphs on [-th level,
U: The set of landmarks,
I;: The set of vertex pairs in the ¢-th interval
Output: S = {(vs, vt, pws,o)) 2 N training samples
// (@O Subgraph-level sample selection
1fori=1,2,...,L do
for k=1,2,...,N do
G1i, Gi; = UniformSelection(P,,P;)
Vs, vy = UniformSelection(Vy;,Vi;)
S.add((vs, Ve, Gos.vn)))

oA W N

// (@ Landmark-based sample selection
for k=1,2,...,N do
vg, vy = UniformSelection(U,V')
| S.add((vs, Ve, Pws,on))
// @ Error-based sample selection
9 {e;} = GetErrors({1;})
10 for k=1,2,....,N do
11 if flag = local then

12 L 0 = argmax {e;}

® 9 &

13 I=1

14 if flag = global then
15 | I =WeightedSelection({I;},{e;})

16 (vs,v¢) = UniformSelection(I)
17 | S.add((vs, vi, posvn))

Specifically, as shown in lines 1-5 in Algorithm 2, suppose
the set of sub-graphs in level [ is P, = {Gy;}, we first
randomly choose a sub-graph pair G;,G;; € P, with the
probability ﬁ, then randomly choose two vertices from
Gy; and G; respectively. So we have a vertex pair (v, v;)
where v, € Vj;,v; € Vj; are chosen with the probability
m depending on the sizes of the associated sub-
graph pair.

B. Samples for Vertices Embedding

The goal is to select high-quality training samples for em-
bedding vertices. We update the vertex embedding to capture
the relative positions of vertices among the associated leaf-
node. However, if we randomly select samples, an embedding
vector has conflicts being updated concurrently by many
different samples (i.e., different peer vertices), which leads to
poor model performance. Therefore, we propose a landmark-
based sample selection strategy to overcome the problem.
Landmark based sample selection. There are usually
some‘‘pivot” vertices which are more representative for the
whole network structure and we call them landmarks. We take
them as the reference points for all the other vertices. Intu-
itively, with landmark-based sample selection strategy we can
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Fig. 8: Error distribution for different sample selection meth-
ods

control the relative embedding positions based on embeddings
of important vertices.

As shown in lines 6-8 in Algorithm 2, we select U C V'

as the landmark set where |U| < |V, and choose training
samples from {(vs, vi, pews.on)|vs € U,vp € V1, ie., each
training sample gives the relationship between a vertex and a
landmark. Thus the probability to be chosen is ﬁ for each
landmark (since |U| < |V|) and ﬁ for others. If we train the
model with N samples, the expected number of each landmark
to be included is enough (% > ‘—%), which arranges the |U|
embedding vectors to the suitable positions quickly. Then other
embedding vectors are trained according to their distances
to the |U| landmarks and converge better than when there
are no clear references. Moreover, since the sample space
for the landmark-based strategy (|U| - |V]) is much smaller
than the naive strategy (|V\2), it can reduce the over-fitting
problem. Thus the landmark-based strategy leads to a better
performance.
Landmark Selection. There are many proposed methods to
carefully choose landmarks [13], [14], which lead to good
performance. For example, farthest selection iteratively selects
the farthest vertex to existing selected landmarks, that tries to
identify regions of the graph that are not “well-covered” by
avoiding existing landmarks.

C. Active Fine-Tuning

As Figure 8a shows, the distances of randomly chosen
samples do not distribute evenly but concentrate in a narrow
distance range (curve). Consequently, the vertex embedding
may get large errors in those distance ranges (tall bars), thus
the model incurs high total error rate and large error vari-
ance. Therefore, we propose an active distance-based sample
selection strategy to fine-tune the model. The main idea is to
choose the high-demand samples (e.g., samples from under-
fitting intervals) according to the current error distribution and
dynamically adjust the sample selection:

1) First we divide vertex pairs into R distance intervals (or
buckets) with equal lengths.

2) Next we generate R sets on the R intervals to reflect the
error-distance distribution of the current model.

3) Then we iteratively fine-tune the embedding of vertex
pairs in intervals with the highest approximation errors by
selecting more training samples on them.

Distance-based sample selection. Note that for Step 1, a
problem is how to randomly choose samples from each interval
I;, as we cannot maintain all |V|2 vertex pairs by R distance
intervals due to the time and space limitation. An alternative



choice is to partition the whole road network into grids and
to maintain all the grid pairs by distance as an approximation
of the distances of vertex pairs inside each grids.

Suppose we partition the road network into K x K grids
based on the spatial positions of vertices, where grid 7 (1 <
i < K?) contains the vertex set g;- We define the distance of
a grid pair (gs, g:) as the least number of grids we need to
go across from g, to gy, which always falls in [0, 2K — 2] (0
when g; = ¢; and 2K — 2 when g5 and g; are two ends of
a diagonal), based on which we classify the K2 x K? grid
pairs into 2K — 1 buckets {I;|i = 0,---,2K — 2}. As the
partition is equidistant, we can set R = 2K — 1, and use
grid pair buckets {fo, oI K—2} to approximate vertex pair
buckets {Io, - Ig—1}.

Concretely, we first choose a grid pair (gs,g:) € I; (with
probability LANLA = lg:1l9ely of 3 chosen distance

|
aj.aped; 19illaxl L)
interval i (with probability ﬁ), then we randomly choose

one vertex from g, and g; respectively (with probability ﬁ
c

W) to get a vertex pair. In this way, we choose samples
with equal probabilities ( |) among all the

and

1 ~ 1
(2K—1)-|I;| ~ Rx[L
pairs in each I;, and only O(K*?) extra space for storage and
O(1) time to retrieve a sample by using a hash table.
Error-based samples selection. For Step(3), in each turn, we
use last round’s validation statistics, e.g., €.¢; and var(e,e;),
to evaluate the model performance on each interval and try
to choose more samples in the intervals with high errors. As
the two curves in Figure 8b show, we can either choose pairs
only from the interval bucket with the highest error (Local) or
assign samples to every bucket with the amount proportional
to its error (Global).

As the approximation errors of vertex pairs in “bad” in-
tervals evidently decrease, the whole error expectation and
variation decreases and the estimation stability improves.

VI. RANGE AND ENN QUERIES

In the processing of k-nearest neighbor (KNN) queries, it’s
crucial how to utilize indexes that leverage the structures of
road networks to reduce the searching space, i.e., prune the
unpromising expansions. We discuss how to utilize our hier-
archical embedding model to support efficient range queries
and kNN queries.

Range Queries. A range query takes as input a source vertex
vs, a set Vp of target vertices, and a threshold 7, and outputs
all vertices in Vp whose L,,-distances to v, is within 7.

kNN Queries. A kNN query takes as input a source vertex
vg, a set Vi of target vertices and a number £, and outputs k
vertices from V7 that have the smallest L,-distances to v,.

Tree-Structured Index. We still use the tree structure (Fig-
ure 5) to build an index. For each tree node node, besides
the global embedding vector of the node, we also maintain
a radius r(node) which is the maximum L, -distance between
this global embedding vector and all global embedding vectors
of vertices under this node, i.e.,

r(node) = max Ly(Vnode, v').
v’ €node
Range Algorithm. We traverse the tree from the root node.
For each node node with the radius of r(node), if

Ly (vs, Vnode) — r(node) > 7,

we can prune the node based on the triangle inequality;
otherwise,

(1) if the node is a leaf, we enumerate the vertices in the
node, compute the L,-distances to v,, and add the vertices
whose distances are not larger than 7 into the result set;

(2) if the node is a non-leaf node, we recursively traverse
or prune each of its children.

kNN Algorithm. We utilize the tree index to support kNN
queries. We first maintain a min-priority queue () which
maintains a set of tuples (node, distance) and an answer list.
Initially, we put tuple (root, max(L,(vs, Vreet) — r(r00t),0))
into (). Next we repeat the following iterations until the @ is
empty or we get k results. In each iteration, we pop the tuple
with the smallest distance from the queue, e.g., (e, d).

(1) If e is a non-leaf tree node, we enumerate each of its
children e, and put (e., max(Ly(vs, ve,) —T(ec),0)) into Q;

(2) If e is a leaf node, we enumerate each vertex e, in the
node and put (v, L, (vs, v, )) into Q;

(3) If e is a vertex, we put e into the result set.

VII. EXPERIMENTS
We conduct extensive experiments on real-world datasets to
evaluate our method and compare with state-of-the-arts.

A. Datasets and Experiment Setting

TABLE II: Details of datasets

Dataset Region #Vertices #Edges
BJ Beijing 338,024 881,050
FLA Florida 1,070,376 | 2,687,902
US-W | Western-USA | 6,262,104 | 15,119,284

Datasets. We use 3 real-world road networks with different
data scales: BJ, FLA and US-W. Table II provides details of
the datasets.

Experiment Setting. The models proposed in this paper are
trained under Python 3.6 and TensorFlow 1.10. To achieve
high efficiency, the testing programs are implemented in
C++ and compiled with GNU GCC 4.4. All experiments are
conducted in a machine with 2.40 GHz Intel CPU E52630,
128 GB RAM, running Ubuntu 14.04.

B. Ablation Studies

In this section, we perform ablation experiments over a
number of facets of our RNE model in order to validate the
effectiveness of them. The experiments are all performed on
the BJ dataset. Performances reflected by the relative errors
(ere) are evaluated on a validation set consisting of 1M
randomly chosen samples.
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1) The effect of representation function: As we discussed
in Section III, L, metric is a good choice as the function
of our RNE to represent shortest-path distances while social
embedding is insufficient for that. To verify this statement,
we compare our RNE with L; metric and d = 64 against a
baseline model with a social embedding and a neural network
for distance regression:

« DeepWalk Regression(DR): we train an embedding using
DeepWalk [23] (d = 64) and take the vectors along with
the longitudes and latitudes of the vertex pair as input
(v, v®). We then concatenate [v®,v®, |0 — v
(d =3-(64+2)) and use 3 different fully-connected neural
networks with 1K, 10K, 100K parameters respectively for
shortest distance regression. The 3 model are denoted as
DR-1K, DR-10K, DR-100K, respectively.

We train the 4 models using training sets of different sizes for
epochs until the validation errors stop decreasing and report
the results in Figure 14. Two baselines that use longitudes and
latitudes to roughly estimate the road network distances are
also included: (1) the Manhattan distance; (2) the Euclidean
distance.

We can observe that (1) DR significantly outperform Man-
hattan and Euclidean since it utilizes vectors which embed
the similarity between nodes; (2) the error of RNE decreases
more significantly with a larger training set (shown as their
ratios to |V|) and is significantly lower than others when the
training set has a reasonable size, e.g., larger than 1-|V|. This is
because DR utilizes a pretrained network embedding but RNE
doesn’t, so RNE needs more data to fit. Nevertheless, RNE
has stronger representation ability in approximating network
distance, so its accuracy gets significantly lower with more
data. On another side, the number of operations (i.e., execution
time) to take during inference of RNE (64) is extremely
smaller than that of DR (1K, 10K, 100K). Therefore, RNE has
the fastest query processing speed in the meanwhile achieving
the lowest error rate. Thus L; is a compatible metric for
network distance representation and RNE is an effective model
for shortest-path approximation.

2) The effect of L,,: To verify the statement in Section III-C
that L; norm is better than other L,(p > 1) as the RNE
metric, we report the training results using the same training
samples (100M), the same d = 64, and varying 6 L, metrics,
ie, Los, L1, Lo, L3, Ly and Ls. We can observe from
Figure 9 that after convergence, L’s error is significantly
smaller than others (the errors do not show a consistent
tendency with a bigger/smaller p). Thus we recommend to
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use L; metric to represent the shortest-path distances.

3) The effect of d: The embedding dimension d is a critical
parameter in our model. To evaluate how d affects the per-
formance, we train 5 models with d = 32,64, 128, 256, 512.
We can observe from Figure 10 that the mean errors for all 5
models decrease with more training samples but the decreasing
speeds gradually slow down. mple, for RNE32, the model
converges at 100M data of training. Theoretically, RNE512
can achieve the best representation ability with adequate
samples but the training time is too long.

Considering the query time (O(d)) and the index size
(O(|V| - d)), a larger d does not always bring better perfor-
mance. Based on the trade-off of model capacity (accuracy),
training complexity and query efficiency, we choose the most
suitable d for each road network as: BJ (d = 64), FLA
(d = 128), and US-W (d = 128).

4) Effect of hierarchical embedding and fine-tuning: To
evaluate how hierarchical embedding and active fine-tuning
(See Section IV and Section V respectively) affect the training
speed and model performance, we train the following models
with d = 64:

1) RNE-Naive: simple vertex RNE model

2) RNE-Hier: hierarchical RNE model

3) RNE-Naive-AFT: RNE-Naive with active fine-tuning

4) RNE-Hier-AFT: RNE-Hier with active fine-tuning

Figure 11 shows the training errors of different models. As
we can observe, for all 4 models, the errors decrease when
more training samples are fed. Comparing to RNE-Naive,
RNE-Hier can achieve a lower error with much less data, e.g.,
error of RNE-Hier gets 1% by 250M samples while error of
RNE-Naive is still around 1.5% by 750M. It shows that the
hierarchical embedding can significantly speed-up the training
process and gain a better performance.

However, the errors stop decreasing and go to converge for
both RNE-Naive and RNE-Hier. Hence we apply the active
fine-tuning process to make the errors decrease further more
(red dashed). The result shows that our active sample selection
strategy improves the accuracy by selecting samples on the
under-fitting intervals.

5) The effect of landmark-based sample selection: As
we discussed in Section V-B, we take the landmark-based
sample selection strategy (LM) for vertices embedding. In
this experiment, we randomly choose 4 different amounts of
landmarks (i.e., LM with 10',102,103,10%). Then we choose
pairs respectively based on the 4 landmark sets and choose
pairs randomly (Random) as comparison. Thus we have 5



Relative error (%) Query time (us)
BJ | FLA | US-W BJ | FLA| US-W
Euclidean | 11.8 | 13.5 11.2 0.01
Manhattan | 16.0 | 13.5 16.0
H2H 0 0.77 1.15 1.42
CH 10,665 | 22,173 | 102,558
Distance | s | - Sl o1ss - -
ACH 3.73 | 3.99 3.85 2,029 8,576 33,385
LT 1.76 | 1.16 0.98 0.26 0.37 0.43
RNE 0.60 | 0.63 0.48 0.06 0.15 0.15

TABLE III: Mean error rate and query time

models all with d = 64, which use the same initialized
embeddings gotten by road network hierarchy embedding.

Figure 12 shows the corresponding results on mean relative
error during vertices embedding training. We can observe that
the errors for 5 models first decrease as trained by more
epochs and then increase because of over-fitting. The errors at
the lowest points of the curves have: LM10? < Random ~
LM10? ~ LM10* < LM10'. As LM10? outperforms Random,
it’s indicated that a limited landmark set of suitable size
leads to less over-fitting and better performance. Meanwhile
LM10! performs worse than Random which indicates that
too few landmarks cannot well represent the structure of the
road network, which leads to bad accuracy. Thus, LM10? has
the best performance and we take it as the sample selection
strategy for vertex embedding.

C. Comparison with State-of-the-arts

We compare our method RNE with other 5 state-of-the-art
algorithms for shortest-path distance queries:

1) CH: Contraction Hierarchy [11]

2) H2H: Hierarchical 2-Hop Index [22]

3) ACH: Approximate CH [12]

4) Distance Oracle: [27]

5) LT: Distance estimation in ALT [13] based on landmarks
and the triangle inequality

CH and H2H are 2 exact approaches and ACH, Distance
Oracle and LT are 3 approximate methods. For ACH and
Distance Oracle the parameter ¢ (upper bound of relative
error) is adjustable. LT generates landmark set U to compute
a |U| x |V| matrix and then utilize the triangle inequality to
approximate the shortest distances, whose accuracy and speed
are affected by |U|. For better experiment illustration, we only
show ACH with ¢ = 0.1. Due to the limitation of scalability
of Distance Oracle, it can only work on BJ with ¢ up to
0.5, so we take that as the configuration of Distance Oracle
here. And the best dimension parameters of RNE we chose
for each road network are BJ-64, FLA-128, US-W-128. The
sizes of landmark sets of LT we choose are BJ-128, FLA-256,
US-W-256.

1) Query Efficiency: We shows the average query times of
all the methods on each dataset in Table III. We also evaluate

Index size (MB) Building time (min)
BJ | FLA | US-W BJ | FLA US-w
H2H 827 | 1,748 | 19,696 || < 1 <1 6
CH 88 272 1,620 || 171 | 2,094 | >100,000
=l TSI R N T
ACH 54 153 976 35 566 19,282
LT 166 | 1,046 | 6,116 <1 5 38
RNE 83 523 | 3,058 34 66 113

TABLE IV: Index size and building time

the query efficiency by varying different query distance scales.
For each dataset, we generate () groups of queries for various
distance scales, where ) = 5 for small road networks BJ,
Q@ = 7 for large road networks FLA and US-W. Each group
consists of 10K random chosen queries and we test the average
query time as shown in Figure 13 (the x-axis represents the
upper bound of sample distance for each group). We make the
following observations.

(1) For CH and ACH, the time cost of queries tends to increase
as the distance gets larger. H2H also has the increasing
tendency but not significantly. While the querying efficien-
cies of RNE and LT keep the same and that of Distance
Oracle decreases. This is because for CH, when the distance
increases, the number of hops in the shortest path (|p*|)
becomes larger. Therefore, the searching space for Dijkstra-
like searching grows larger. For H2H, the time complexity
is O(w) where w is the tree-width and it grows sub-linearly
with the number of vertices. Although the searching space
gets larger, the querying time keeps stable. For Distance
Oracle, the time complexity is O(log|V|) but the query is
faster on larger distance scale, because Distance Oracle gets
the distance of a vertex pair through looking up the block pair
containing it, and the vertex pairs of larger distance scale are
more likely to be in the same block pairs, where more memory
access can hit in the cache, which makes queries faster. For
LT and RNE, the computing times O(|U]|) and O(d) fully
depend on the size of the landmark set U and the embedding
dimensions d, even for different datasets of different sizes.
(2) ACH is faster than CH since the searching stops earlier on
the looser termination condition. Distance Oracle and H2H
are 102 — 10° faster than CH and ACH. LT is around 2x faster
than H2H and Distance Oracle. RNE is around 2x faster
than LT. Furthermore, LT and RNE can be paralleled on single
query’s level, and is theoretically able to speedup from O(d)
to O(logd) (e.g., from 64 to 6) with SIMD and GPU.

2) Index Size and Building Time: In this experiment, we
focus on the memory usage and index building time for every
method. Table IV shows the results. Note that the index
building time of RNE includes the time for generating samples
and training embedding. We make the following observations.
(1) The index size of each of the 4 algorithms increases as |V|
increases. (2) Distance Oracle has the highest space usage
(O(lelz‘)) (8GB for BJ). (3) H2H has the fastest growth rate
(super-linearly with dataset size) , which may be impractical
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(20GB for US-W). (4) The index size of RNE is about 1/10
- 1/3 of H2H and takes reasonable training time. Because the
memory complexity for RNE is O(|V| - d) where d decides
the representation of the model and usually is not large (128 is
enough for US-W, which takes only 3GB). (5) The index size
of LT is 2x of RNE because the space usage is O(|V|-|U]) and
|U| is 2x of d for each road network and the index building
process is to perform |U| time single source shortest paths
search. (6) The index sizes of CH and ACH are the smallest
(1GB for US-W) but the time costs to build indexes are the
highest (more than 10K minutes).

3) Query Error: In this experiment, we evaluate the accu-
racy (ere; and egps) of different approximate methods.

Mean relative error. Table III shows the mean value of
ere; Of every method on 10K randomly chosen queries. We
can observe that RNE significantly outperforms Euclidean,
Manhattan, Distance Oracle, ACH and LT. Since RNE has
much lower query time than the other approximate methods
(except 2 baselines) and the best error rate (under 0.7% on all
3 datasets, good enough for most queries), it is most practical
in real-world usage.

Percentage error. Figure 15 shows the cumulative percentage
of validation samples as the error rate grows. For example
for RNE on BJ, there are about 93% queries which have a
error less than 2% and 99% queries less than 5%. It shows
that for datasets of different sizes, the accuracy of RNE
significantly outperforms ACH and Distance Oracle and LT,
and all of the 4 methods significantly outperform Manhattan
and Euclidean.

Vary distance error. Figure 17 shows e,..; (line) and e (bar)
of different distance scales. The setting of the distance scales
is the same as that in Section VII-C1. We have the following
observations. (1) e,ps and e,..; of ACH are increasing as the
distance increases. That indicates that e,,s of ACH grows

Fig. 16: Range query on BJ

super-linearly with larger distances. (2) eq5s of RNE does not
change as distance increases, and thus e,.; keeps decreasing.
That is because our loss function focuses on the reduction
of eqps so the errors for all distance scales are optimized
equally. (3) Trend of the error of LT are similar with RNE
but the accuracy is worse than RNE. (4) Distance Oracle
has the same e,..; on various distance scales which are behind
ACH. That’s because all the block pairs in the oracle satisfy
the error bound e. (5) Except for very small distance scales,
RNE outperforms ACH. RNE is more accurate than Distance
Oracle and LT on every distance scales.

4) Range and kNN Query Performance: We evaluate the
performance for range and KNN queries on BJ. We compare
RNE with two kNN methods Distance Oracle [27] and V-
tree [28]. We also compare with two baselines Euclidean and
Manhattan with KD-tree as the index. We only show the
results of range queries (Figure 16), which are very similar
to KNN.

F-score. The left part shows the £} scores for range queries
of various distance threshold 7. We can observe that the
accuracy of RNE is slightly higher than Distance Oracle and
much higher than Euclidean and Manhattan (with 7 varies
from 5 — 25 km, F; of RNE64 and RNE32 are above 90%),
5 — 10% better than Euclidean and Manhattan). It indicates
that RNE gives a high accuracy.

Query time. The right part shows the query time varying
7. We can see that RNE achieves similar performance as
Euclidean and Distance Oracle and outperforms V-tree by
10-100 times. Note that the query speeds for Euclidean and
Manhattan are extremely fast.

In summary, since the query error keeps reasonable and the
query time is very fast for various distance scales, it shows
that RNE is more practical.
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VIII. CONCLUSION

In this paper, we propose an embedding based method
which embeds every vertex in road networks into a low
dimensional space for computing shortest-path distances. We
can achieve very low query processing time (in nanoseconds)
and very high accuracy (less than 0.7% average error rate) and
scale well to large road networks. We leverage a hierarchical
learning strategy to significantly speed up the training process

and

preserve higher-order road network structure. We also

propose training sample selection strategies and an active fine-
tuning technique to improve the accuracy of the model. The
experimental results on real datasets demonstrate that our
approach can achieve the fastest querying speed comparing
with the state-of-the-arts while achieving a very low error rate.
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